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Sandwich-Plate Vibration Analysis: Three-Layer
Quasi-Three-Dimensional Finite Element Model
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A three-layer � nite element model for the vibration analysis of sandwich plates with laminated composite face
sheets is evaluated. In the model the face sheets are represented as Reissner–Mindlinplates, and the core is modeled
as a three-dimensional continuum.This representation allows accurate modeling for a wide rangeof core types. The
three-dimensional problem is reduced to two dimensions by analytical through-thickness integration of the energy
expressions for the evaluation of mass and stiffness matrices. The results from this model are compared to � nite
element results based on solid elements, classical sandwich analysis, and classical plate theory. The objective in the
work is to compare natural frequency and mode shape predictions using these models for a broad range of core
stiffness. When large differences between face sheet and core stiffness are present, it is illustrated that traditional
laminate theories yield signi� cant inaccuracy. Moreover, unlike plate models, the present theory is also capable
of representing a variety of three-dimensional boundary conditions. Furthermore, compared to solid models,
the present laminated model avoids numerical problems as a result of three-dimensional element aspect ratio.
Therefore, the present model provides a powerful general tool for the analysis of natural modes and frequencies
of sandwich plates.

Nomenclature
A; B; D = in-plane, coupled bending-stretchingand

bending stiffness matrices
NA; NB; ND; NE ; = stiffness matrices of the core
NF; NG; NH
A¤ = shear stiffness of the face sheets
ai ; bi ; ci ; di ; ei ; = bicubic trial functions of x and y
fi ; li ; m i ; n i
NCi j = elastic moduli of the core
D = stiffness matrix
e = strain vector
H = functional
Ii = mass and inertia moments
K ; M = stiffness and mass matrices
k = layer number
N = � nite element interpolation functions matrix
NQ; NQ M ; NQS = elastic matrices for face sheets
NQ i j = elastic moduli of the face sheets

Ti = transformationmatrices
ti = local coordinates along the thickness
U; T = strain and kinetic energy
Ui = vector of displacement amplitudes
u; v; w = displacement functions of sandwich plate
Nu = � nite element displacements
u i ; vi ; wi = through-thicknessnodal displacements
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V = volume of the plate
x; y; z = plate coordinates
N" = arbitrary z coordinate in-plane strain vector
"i ; °i j = strains
"0; ·i ; ¡ = in-plane strain, curvature, and out-of-plane

strain vectors
½ = density
¾i ; ¿i j = stresses
!i = natural frequencies

Subscripts

b; c; t = bottom face sheet, core, and top face sheet

Introduction

S ANDWICH plates are very popular for structural purposes be-
cause of the high stiffness-to-weightand strength-to-weightra-

tios. Often, accurate sandwich-plateanalysesare dif� cult to achieve
because of the large differences between face sheet and core stiff-
ness that yield signi� cance transverse shear effects in the core. A
sandwich structure therefore requires a more sophisticated model
than classical laminated-plate theory. Therefore, in an effort to im-
prove solution accuracy, three-dimensionalanalyses are often used
for sandwich structures. For example, a three-dimensional analy-
sis is considered necessary when calculating the vibration modes
and natural frequencies for sandwich plates because variations in
vibration modes can result when core properties are altered. Also,
transverse � exibility of the core can change the shape of traditional
vibrationmodesor produceunanticipatedmodeswith very low natu-
ral frequencies.On the other hand, three-dimensional� nite element
analysis is often not a viable alternativeas thin face sheets and thick
cores imply the use of many elements or else the introduction of
numerical error through the use of unacceptable three-dimensional
element aspect ratios.

Many authors have tried to describe sandwich-plate behavior
based on improved solutions of laminated Reissner–Mindlin plate
theory. Reissner1 described a sandwich plate model with two
face sheets having only membrane stiffness and a core having only
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transverse shear stiffness. Allen,2 Plantema,3 and Ojalvo4 assumed
the in-plane displacementof the core to be linear through the thick-
ness. Holt and Webber5 and Monforton and Ibrahim6 demonstrated
an analysis of a sandwich beam where the core had negligible in-
plane stiffness. Frostig et al.7 developed the analysis of the core de-
formations by a superposition approach where the effects of shear
and thickness of the core were treated separately in an analytical
method. Frostig and Baruch8;9 enhanced their deformation model
of the core based on variational principles and the introduction
of high-order terms to describe the nonlinear patterns of the core
through-thickness deformation. Nevertheless, the in-plane rigidity
of the core was ignored because of complexity in the analytical
formulation. Thomsen10 presented the model of the core of a rect-
angularsandwichplate usinga two-parameterelastic foundationap-
proach to treat the problem of local bending deformation. Oskooei
and Hansen11 developed a three-layer quasi-three-dimensional � -
nite element for static analysis of sandwich plates, where the face
sheets were modeled using Reissner–Mindlin plate theory and the
core modeled as a three-dimensionalcontinuum.The presentedfor-
mulation used a mixed form of the through-thickness� elds for the
core displacements. The u and v de� ections are modeled as cubic
functionsand w de� ectionas a quadratic functionsof z; all variables
are bicubicswith respect to x and y. For the face sheets the same cu-
bic functions are adopted for de� ections in x and y directions; thus,
compatibility is guaranteed in the assembly of face sheets and core.
This representationallows accuratemodeling of static problems for
a wide range of core and face-sheet stiffness.

The present work intends to extend the use of the three-layer
quasi-three-dimensional � nite element developed by Oskooei and
Hansen11 to solve the free-vibration problem of a sandwich plate.
In the element formulation through-thickness integration of strain
and kinetic energies is completed analytically; this gives the ap-
pearance of a two-dimensional � nite element procedure and leads
to computationalef� ciency. A FORTRAN code was generated, and
a comparison of results was made between this formulation, three-
dimensional� nite elements,classicalsandwich analysis,and classi-
cal plate theory.The presentedresultsare thenatural frequenciesand
mode shape predictionsusing a broad range of core stiffness.When
large differences between face sheet and core stiffness are present,
the current model always provides good agreement with re� ned
three-dimensional � nite element results, whereas traditional lami-
nate theories yield signi� cant inaccuracy. If compared with solid
models of sandwich plates with thin face sheets and thick core, the
presentthree-layerquasi-three-dimensional modelavoidsnumerical
problems associated with three-dimensionalelement aspect ratios.

Mathematical Formulation
The current formulation uses the model developed by Oskooei

and Hansen.11 The sandwich-plate reference surface is placed at
the geometric middle surface of the core, as shown in Fig. 1. The
face sheets include transverseshear effects that are consistentwith a
Reissner–Mindlinmodel (u0, v0, w0 , Ãx , Ãy). This allows captureof
face-sheetdelaminationand face-sheet/core disbondingeffects.The
face-sheet displacements u0 , v0 , and w0 are written with respect to

Fig. 1 Cross section of the sandwich plate.

Fig. 2 Schematic of one element (through-thickness degrees of
freedom).

the interfaceof that face sheet with the core, whereas the face-sheet
rotationvariablesÃx and Ãy are expressedas relativedisplacements
u and v between bottom and top surface of a particular face sheet.
This allows simpler through-thicknessassembly using standard � -
nite element ideas. Because the middle of the core is used as the
formulation reference surface, there is inherent coupling between
the membrane and bending effects of the face sheets, even for a
linear analysis of symmetric laminates.

Based on the characteristicsof a sandwich structure,Oskooei and
Hansen11 proposed that the core displacementsu and v be modeled
as cubic functions of z while w should be modeled as a quadratic
in z. With these assumptionsgood accuracy is guaranteed for plates
involving both light metallic honeycomb and � exible foam cores.
This formulation does not set the core in-plane stiffness to zero as
done by Frostig and Baruch9 and Thomsen10; however, by adopting
the trial functions as indicated, the strain energy corresponding to
the in-plane stiffness has a negligibleeffect and will not induce arti-
� cial stiffening.The current trial functions also avoid shear locking
dif� culties; these functions are similar to � nite element trial func-
tions in which the order of in-plane approximations are chosen to
avoid shear locking in a Reissner–Mindlin formulation.

Different through-thicknessdisplacementmodels are adopted for
the face sheets and the core. Thus, in order to develop the � nite
element representation it is convenient to separate the plate into
three parts, the bottom face sheet, the core, and the top face sheet.
The aim in this separation is to carry out an analytical through-
thickness integrationwith respect to z using the core middle surface
as the reference and thereby effectively reduce the model to two
dimensions (x , y).

Figure 2 shows the through-thicknessnodal arrangement of the
top and bottom face sheets as well as the core. In addition, the
degrees of freedom associated with each node are illustrated.

Kinematic Equations
Bicubic trial functions are used to model the in-plane (x , y) dis-

placementscharacteristics.The useof bicubictrial functionsleads to
an extremelyaccurate formulation.For each layer the trial functions
are represented by the following.
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Bottom plate:

u.x; y; z/ D a0.x; y/ C a1.x; y/z

v.x; y; z/ D b0.x; y/ C b1.x; y/z; w.x; y; z/ D l0.x; y/ (1)

Core:

u.x; y; z/ D c0.x; y/ C c1.x; y/z C c2.x; y/z2 C c3.x; y/z3

v.x; y; z/ D d0.x; y/ C d1.x; y/z C d2.x; y/z2 C d3.x; y/z3

w.x; y; z/ D m0.x; y/ C m1.x; y/z C m2.x; y/z2 (2)

Top plate:

u.x; y; z/ D e0.x; y/ C e1.x; y/z

v.x; y; z/ D f0.x; y/ C f1.x; y/z; w.x; y; z/ D n0.x; y/ (3)

Both top and bottom face sheets have a similar formulation.The
following presents the formulation for the bottom face sheet. The
strain components are

"x D a0;x C za1;x ; "y D b0;y C zb1;y

°x y D a0;y C b0;x C z.a1;y C b1;x /

°zx D a1 C l0;x ; °yz D b1 C l0;y (4)

Expressions(4) are groupedas vectors involving in-plane strains,
curvatures, and out-of-plane shear strains:

fN"gb D

8
<

:

"x

"y

°x y

9
=

; D f"0g C zf·g D

8
<

:

a0;x

b0;y

a0;y C b0;x

9
=

; C z

8
<

:

a1;x

b1;y

a1;y C b1;x

9
=

;

(5)

f0gb D
»

°zx

°yz

¼
D

»
a1 C l0;x

b1 C l0;y

¼
(6)

The core strain components are written as

"x D c0;x C zc1;x C z2c2;x C z3c3;x

"y D d0;y C zd1;y C z2d2;y C z3d3;y; "z D m1 C 2zm2

°x y D c0;y C zc1;y C z2c2;y C z3c3;y C d0;x C zd1;x C z2d2;x C z3d3;x

°zx D c1 C 2zc2 C 3z2c3 C m0;x C zm1;x C z2m2;x

°yz D d1 C 2zd2 C 3z2d3 C m0;y C zm1;y C z2m2;y (7)

which are arranged in a vector form as

f"gc D

8
>>>>>><

>>>>>>:

"x

"y

"z

°x y

°zx

°yz

9
>>>>>>=

>>>>>>;

D

8
>>>>>><

>>>>>>:

c0;x

d0;x

m1

c0;y C d0;x

c1 C m0;x

d1 C m0;y

9
>>>>>>=

>>>>>>;

C z

8
>>>>>><

>>>>>>:

c1;x

d1;y

2m2

c1;y C d1;x

2c2 C m1;x

2d2 C m1;y

9
>>>>>>=

>>>>>>;

C z2

8
>>>>>><

>>>>>>:

c2;x

d2;y

0
c2;y C d2;x

3c3 C m2;x

3d3 C m2;y

9
>>>>>>=

>>>>>>;

C z3

8
>>>>>><

>>>>>>:

c3;x

d3;y

0
c3;y C d3;x

0

0

9
>>>>>>=

>>>>>>;

(8)

f"gc D f"0g C zf·1g C z2f·2g C z3f·3g (9)

Constitutive Equations
The face sheets can themselves be a composite laminate. The

individual lamina is modeled having orthotropicmaterial character-
istics and is assumed to be in a state of plane stress; the transformed

constitutive relation for any face-sheet lamina is

8
>>>><

>>>>:

¾x

¾y

¿x y

¿zx

¿yz

9
>>>>=

>>>>;
k

D

2

6666664

NQ11
NQ12

NQ16 0 0
NQ12

NQ22
NQ26 0 0

NQ16
NQ26

NQ66 0 0

0 0 0 NQ55
NQ45

0 0 0 NQ45
NQ44

3

7777775

k

8
>>>><

>>>>:

"x

"y

°x y

°zx

°yz

9
>>>>=

>>>>;
k

(10)

where the subscript k indicates the numbering of the face-sheet
lamina. The preceding matrix was partitioned to separate the in-
plane and out-of-plane components

8
>>>><

>>>>:

¾x

¾y

¿xy

¿zx

¿yz

9
>>>>=

>>>>;
k

D

"
[ NQ M ] [0]

[0] [ NQS ]

#

k

»
f N"g
f¡g

¼

k

(11)

The core is modeled as an orthotropic material; the transformed
constitutive relation is
8
>>>>>><

>>>>>>:

¾x

¾y

¾z

¿yz

¿zx

¿x y

9
>>>>>>=

>>>>>>;
c

D

2

666666664

NC11
NC12

NC13 0 0 NC16

NC22
NC23 0 0 NC26

NC33 0 0 NC36

NC44
NC45 0
NC55 0

Sym NC66

3

777777775

c

8
>>>>>><

>>>>>>:

"x

"y

"z

°yz

°zx

°x y

9
>>>>>>=

>>>>>>;
c

(12)

Variational Formulation
The objective is to determine the natural frequencies and modes

shapesof free-vibrationproblems; the appropriatemotion equations
are derived using Hamilton’s principle:

±H D
Z t C 1t

t

±.T ¡ U / dt D 0 (13)

The total strain energy is the sum of the face sheets and core strain
energies. Using the vector form developed earlier, the strain energy
for the bottom face sheet becomes

Ub D 1
2

Z

A

(
nbX

k D 1

Z
zk

zk ¡ 1

»
f N"g
f¡g

¼ T

k

µ
[ NQM ] [0]

[0] [ NQS ]

¶

k

»
fN"g
f¡g

¼

k

dz

)

b

dA

(14)

which is integrated analytically through the thickness yielding

Ub D
1

2

Z

A

8
<

:

f"0g
f·g
f¡g

9
=

;

T

b

2

4
[A] [B] [0]

[B] [D] [0]

[0] [0] [A¤]

3

5

b

8
<

:

f"0g
f·g
f¡g

9
=

;
b

dA (15)

where

.[A]b; [B]b; [D]b/ D
nbX

k D 1

Z
zk

zk ¡ 1

[ NQ M ]k .1; z; z2/ dz (16)

[A¤]b D
nbX

k D 1

Z
zk

zk ¡ 1

[ NQS]k dz (17)

In the precedingequations,nb is the number of plies in the bottom
face sheet, whereas zk ¡ 1 and zk are the lower and upper z coordi-
nate of each ply.12 The matrices [A], [B], [D], and [A¤] have the
appearance of the standard results for laminated composite plates;
however, it is important to note that there is an offset because the z
reference surface is the core middle surface. The matrices [A] and
[A¤] are not in� uenced by this offset. The matrix [B] is a coupling
matrix that is nonzero even when the face-sheet laminate is sym-
metric unlike in the usual laminated-plate scenario. In the current
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representation through-thickness symmetry does not simplify the
plate equations unless the entire sandwich structure is symmetric
with respect to the core middle surface and until the face-sheet and
core stiffness matrices are assembled.

The strain energy for the top face sheet has a formulation similar
to expression (15). For the core the strain energy becomes

Uc D
1

2

Z

V

f"gT
c [ NQ]cf"gc dV (18)

Through-thicknessintegration yields

Uc D 1

2

Z

A

8
>><

>>:

f"0g
f·1g
f·2g
f·3g

9
>>=

>>;

T

c

2

6664

[ NA] [ NB] [ ND] [ NE]

[ NB] [ ND] [ NE] [ NF]

[ ND] [ NE] [ NF] [ NG]

[ NE ] [ NF] [ NG] [ NH ]

3

7775

c

8
>><

>>:

f"0g
f·1g
f·2g
f·3g

9
>>=

>>;
c

dA

(19)

where

.[ NA]; [ NB]; [ ND]; [ NE ]; [ NF]; [ NG]; [ NH ]/c

D
Z

zc

¡zc

[ NQ]c.1; z; z2; z3; z4; z5; z6/ dz (20)

In the preceding, [ NA]; [ NB]; [ ND]; [ NE]; [ NF]; [ NG], and [ NH ] are 6 £ 6
matrices.

Note that [ NA]; [ ND]; [ NF ], and [ NH ] do not vanish even for a sym-
metric core. The total kinetic energy is given by

T D 1
2

Z

v

8
<

:

Pu
Pv
Pw

9
=

;

T 8
<

:

Pu
Pv
Pw

9
=

; ½ dV (21)

The total kinetic energy is the sum of the face sheets and core
kinetic energies. Evaluating the through-thickness integration for
the bottom face sheet yields

Tb D 1
2

Z

A

8
>>>><

>>>>:

Pa0

Pb0

Pl0

Pa1

Pb1

9
>>>>=

>>>>;

T 2

66664

I1b 0 0 I2b 0

I1b 0 0 I2b

I1b 0 0

I3b 0

sym I3b

3

77775

8
>>>><

>>>>:

Pa0

Pb0

Pl0

Pa1

Pb1

9
>>>>=

>>>>;

dA (22)

where

I1b; I2b; I3b D
Z t2

t1

.1; z; z2/½b dz (23)

The top face sheet yields a similar result to expressions (22) and
(23). The kinetic energy for the core after through-thickness inte-
gration yields

Tc D 1

2

Z

A

8
>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>:

Pc0

Pd0

Pm0

Pc1

Pd1

Pm1

Pc2

Pd2

Pm2

Pc3

Pd3

9
>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>;

T 2

666666666666666664

I1c 0 0 0 0 0 I2c 0 0 0 0

I1c 0 0 0 0 0 I2c 0 0 0

I1c 0 0 0 0 0 I2c 0 0

I2c 0 0 0 0 0 I3c 0

I2c 0 0 0 0 0 I3c

I2c 0 0 0 0 0

I3c 0 0 0 0

I3c 0 0 0

I3c 0 0

I4c 0

sym I4c

3

777777777777777775

8
>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>:

Pc0

Pd0

Pm0

Pc1

Pd1

Pm1

Pc2

Pd2

Pm2

Pc3

Pd3

9
>>>>>>>>>>>>>>>>>>=

>>>>>>>>>>>>>>>>>>;

dA

(24)

Some core inertia contributionsvanish because the z reference is
the middle of the core.

The core inertia terms are written as

I1c; I2c; I3c; I4c D
Z t0

¡t0

.1; z2; z4; z6/½c dz (25)

Finite Element Formulation
A � nite element formulation is developed to solve the free-

vibration problem. A two-dimensional isoparametric bicubic ele-
mentwith 16 nodesusing standardLagrange interpolationfunctions
was implemented in a FORTRAN code. A shear correction factor
of 5

6 is adopted for both face sheets. With this � nite element for-
mulation the top and bottom face sheets do not suffer from shear
locking, and no special techniquessuch as reduced integrationneed
be applied for the integration of the stiffness matrix13; therefore, a
standard 16-point Gauss quadrature scheme is used. Also, the cur-
rent formulation is applicable for both thick and thin composite
face sheets. As demonstrated by Oskooei and Hansen,11 the trans-
formation of polynomial coef� cients in terms of through-thickness
nodal displacements helps the assembly of the face sheets and core
stiffness matrix.

For the bottomface sheet the transformationto through-thickness
nodal displacements becomes8
>>>><

>>>>:

a0

b0

l0

a1

b1

9
>>>>=

>>>>;

D 1
t2 ¡ t1

2

66664

t2 0 ¡t1 0 0

0 t2 0 ¡t1 0

0 0 0 0 t2 ¡ t1
¡1 0 1 0 0

0 ¡1 0 1 0

3

77775

8
>>>><

>>>>:

u1

v1

u2

v2

w2

9
>>>>=

>>>>;

D [T1]b

8
>>>><

>>>>:

u1

v1

u2

v2

w2

9
>>>>=

>>>>;

(26)

For the top face sheet the transformation to through-thickness
nodal displacements becomes8
>>>><

>>>>:

e0

f0

n0

e1

f1

9
>>>>=

>>>>;

D 1
t7 ¡ t6

2

66664

t7 0 0 ¡t6 0

0 t7 0 0 ¡t6
0 0 t7 ¡ t6 0 0

¡1 0 0 1 0

0 ¡1 0 0 1

3

77775

8
>>>><

>>>>:

u6

v6

w6

u7

v7

9
>>>>=

>>>>;

D [T1]t

8
>>>><

>>>>:

u6

v6

w6

u7

v7

9
>>>>=

>>>>;

(27)

For the core the transformationmatricesfor the through-thickness
nodal displacements u and v are
8
>><

>>:

c0

c1

c2

c3

9
>>=

>>;
D 1

16 ¢ t 3
6

2

6664

¡t3
6 9 ¢ t 3

6 9 ¢ t 3
6 ¡t 3

6

t 2
6 ¡27 ¢ t 2

6 27 ¢ t 2
6 ¡t 2

6

9 ¢ t6 ¡9 ¢ t6 ¡9 ¢ t6 9 ¢ t6
¡9 27 ¡27 9

3

7775

8
>><

>>:

u2

u3

u5

u6

9
>>=

>>;

D [T1]c

8
>><

>>:

u2

u3

u5

u6

9
>>=

>>;
(28)

8
>><

>>:

d0

d1

d2

d3

9
>>=

>>;
D [T1]c

8
>><

>>:

v2

v3

v5

v6

9
>>=

>>;
(29)
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The transformationmatrix for w is
8
<

:

m0

m1

m2

9
=

; D 1

16 ¢ t2
6

2

4
0 16 ¢ t 2

6 0

¡8 ¢ t6 0 8 ¢ t6
8 ¡16 8

3

5

8
<

:

w2

w4

w6

9
=

; D [T2]c

8
<

:

w2

w4

w6

9
=

;

(30)

In the same way the through-thicknessnodal velocities are used
in the assembly of the face-sheetand core mass matrices. The trans-
formationof polynomialcoef� cient derivativesin terms of through-
thickness nodal velocities are also obtained from the [T1]b , [T1]t ,
[T1]c, and [T2]c transformation matrices for the bottom, top face
sheet, and core, respectively.The sandwich stiffness and mass ma-
trices have a total of 15 through-thicknessdisplacementsand veloc-
ity nodal variables, respectively.The coef� cients (u1, u2 , u3, u5 , u6,
u7, v1 , v2 , v3 , v5 , v6 , v7 , w2, w4, and w6/ represent 15 degrees of
freedom for each node. Therefore there are 240 degrees of freedom
corresponding to the 16 node elements.

The displacements at an arbitrary point within the domain of the
pth element are written as

f NugT D [u1 v1 u2 v2 w2 u3 v3 w4 u5 v5 u6 v6 w6 u7 v7]

(31)

These displacementsin terms of elementnodaldisplacementsare
expressed as

f Nug D
16X

i D 1

.[N ]i f Nu i g/ D [N ]f Nugp (32)

where [N ] is a 15 £ 240 matrix of basis functions.
The vector f Nugp contains 240 element nodal degrees of freedom.

The matrix of interpolation functions can also be used to relate the
velocities at an arbitrary point with the element nodal velocities.
The strain energy is written for n elements as14

U D
1

2

nX

p D 1

f NugT
p [Kb]pf Nugp C

1

2

nX

p D 1

f NugT
p [K c]pf Nugp

C 1

2

nX

p D 1

f NugT
p [K t ]pf Nugp (33)

In a similar manner the kinetic energy for n elements becomes

T D
1

2

nX

p D 1

f PNugT
p [Mb]pf PNugp C

1

2

nX

p D 1

f PNugT
p [Mc]pf PNugp

C 1

2

nX

p D 1

f PNugT
p [Mt ]pf PNugp (34)

Eigenvalue Problem
Applying Hamilton’s principle for n discrete � nite elements, the

motion equation becomes

[M]f RNug ¡ [K ]f Nug D f0g (35)

Also, for simple harmonic motion

f Nug D fUi ge j!t ; f RNug D ¡!2
i fUi ge j!t (36)

Therefore, the eigenvalue problem de� ning the free-vibration
problem becomes

f[K ] ¡ !2
i ¢ [M]g ¢ fUi g D f0g (37)

where [M] and [K ] are the global mass and stiffness matrices and
fUi g represents the corresponding mode of free vibration for the
sandwich plate. The natural frequenciesand mode shapes are deter-
mined using the subspace iteration method.15

Numerical Results
A FORTRAN code was developed to solve the free-vibration

problem. This code allows any combination of plate geometry
(sandwich-platearea, thicknessof the face sheets, or the core, num-
ber of laminae for the face sheets), material properties (very soft
core material, orthotropicor isotropic face sheets, etc.), and bound-
ary conditions of the sandwich plate. This code was extensively
tested to verify correctness and accuracy, and all tests showed ex-
cellent results.

A sandwich plate with aluminum face sheets and an isotropic
homogeneous core are analyzed to demonstrate the capabilities of
this formulation. The dimensions of the sandwich plate are given
in Fig. 3 and the material properties in Table 1. Three different
representationsof clamped boundary conditions are considered for
this plate. This allows the results of the current formulation to be
compared to those of a sandwich beam because of the aspect ratio
a=b. Figure 3a illustratesthe � rst conditionin which bothface sheets
at one edge are clamped, whereas the other edges are free. Figure 3b
presents a sandwich plate with both face sheets clamped for two
opposite edges, whereas the other two are free. Finally, Fig. 3c
depictsa set of unsymmetricalboundaryconditionsfor the sandwich
plate, where the bottom face sheet is clamped at two opposite edges
and the top face sheet is completely free.

The results from these analyses are compared with three other
approacheswhen the boundaryconditionspermit. Comparisons are
completed for a range of core stiffnesses and different boundary
conditions.In all resultscoredensityis kept � xedas thecorestiffness
changes; this approach is adopted to isolate the in� uence of core
stiffness. Results are presented for the least frequency vibration
modes correspondingto � exure, torsion, and in-planemotion; these
are not necessarily the least three natural frequencies.

The natural frequencies obtained for each vibration mode of the
plates analyzed are summarized in Tables 2–10. In these tables the
currentquasi-three-dimensional model is comparedwith threeother
sets of results. In the tables the vibration mode is identi� ed in the

Table 1 Dimensions and material properties
of the sandwich-plate layers

Property Face sheets Core

Thickness, mm 1.0 8.0
Density, kg/m3 2713 500
Young’s modulus, MPa 68258 Variable
Poisson ratio 0.33 0.3

Fig. 3 Boundary conditions for the sandwich plate: a) both face sheets
clamped at oneedge; b) both face sheets clamped for two oppositeedges;
and c) bottom face sheet clamped for two opposite edges.
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Table 2 First bending mode of one edge clamped at both face sheets

Frequency, Hz

Three- Classical Classical
EC , Quasi-three- dimensional sandwich plate
MPa dimensional solid theory theory

10,000 166.5 166.8 166.0 166.9
3,000 157.2 157.5 156.3 158.8
1,000 152.1 152.4 149.9 156.4
301 143.1 143.4 137.3 155.6
151 133.5 133.7 124.2 155.4
66 115.7 115.9 102.3 155.3
30 94.0 94.2 78.7 155.2
10 63.9 64.1 49.8 155.2

Table 3 First torsion mode of one edge clamped at both face sheets

Frequency, Hz

Three- Classical Classical
EC , Quasi-three- dimensional sandwich plate
MPa dimensional solid theory theory

10,000 1,160.0 1,155.8 1,133.5 1,214.6
3,000 991.6 988.1 936.7 1,142.4
1,000 810.4 807.3 733.6 1,119.9
301 587.3 586.3 513.1 1,111.8
151 472.7 472.6 408.7 1,110.1
66 362.2 362.6 310.5 1,109.1
30 284.5 285.1 241.7 1,108.6
10 213.9 214.7 179.1 1,108.4

Table 4 First in-plane mode of one edge clamped at both face sheets

Frequency, Hz

Three- Classical Classical
EC , Quasi-three- dimensional sandwich plate
MPa dimensional solid theory theory

10,000 742.4 743.0 741.5 741.5
3,000 638.7 639.6 638.4 638.4
1,000 605.8 606.8 605.7 605.7
301 593.8 594.9 593.9 593.9
151 591.0 592.3 591.3 591.3
66 589.3 590.7 589.8 589.8
30 588.0 589.8 589.2 589.2
10 585.4 588.6 588.8 588.8

Table 5 First bending mode of both face sheet clamped
at two opposite edges

Frequency, Hz

Three- Classical Classical
EC , Quasi-three- dimensional sandwich plate
MPa dimensional solid theory theory

10,000 1,034.5 1,038.2 1,018.5 1,052.4
3,000 928.3 930.3 887.5 997.6
1,000 798.1 797.7 723.9 981.0
301 589.8 588.4 497.0 975.0
151 463.0 462.2 375.9 973.7
66 332.3 332.3 259.0 973.0
30 238.2 238.5 177.5 972.7
10 152.0 152.3 103.1 972.5

table caption; the core elastic modulus appears in the � rst column;
the second column lists the natural frequencies obtained for this
quasi-three-dimensional model; the third column presents the com-
parative frequencies from a three-dimensionalNastran calculation
using solid elements;the fourthand � fth columnsare obtainedusing
classical sandwich analysis and classical plate theory, respectively.
A FORTRAN code16 for the free-vibration problem of composite
laminates was used for these two last sets of results.

Table 6 First torsion mode of both face sheet clamped
at two opposite edges

Frequency, Hz

Three- Classical Classical
EC , Quasi-three- dimensional sandwich plate
MPa dimensional solid theory theory

10,000 2,454.8 2,448.2 2,378.8 2,597.9
3,000 2,042.6 2,032.8 1,901.3 2,436.5
1,000 1,623.2 1,614.0 1,455.5 2,385.7
301 1,180.8 1,179.2 1,043.7 2,367.3
151 980.5 982.4 868.2 2,363.3
66 796.8 801.4 701.2 2,361.0
30 657.5 664.4 560.9 2,360.1
10 483.8 493.7 379.6 2,359.5

Table 7 First in-plane mode of both face sheet clamped
at two opposite edges

Frequency, Hz

Three- Classical Classical
EC , Quasi-three- dimensional sandwich plate
MPa dimensional solid theory theory

10,000 3,612.8 3,618.2 3,658.8 3,658.8
7,000 3,415.7 3,421.8 3,449.0 3,449.0
5,000 3,277.2 3,283.7 3,301.7 3,301.7
3,000 3,131.9 3,138.9 3,147.6 3,147.6
1,000 2,976.5 2,985.5 2,985.4 2,985.4
301 2,910.6 2,926.7 2,926.7 2,926.6
151 2,882.4 2,909.6 2,913.9 2,913.9

Table 8 First bending mode of bottom face sheet clamped
at two opposite edges

Frequency, Hz

EC , MPa Quasi-three-dimensional Three-dimensional solid

10,000 704.9 657.0
3,000 623.9 588.4
1,000 558.5 538.0
301 464.8 455.2
151 393.9 388.2
66 302.8 300.2
30 228.8 223.8
10 144.9 144.8

Table 9 First torsion mode of bottom face sheet clamped
at two opposite edges

Frequency, Hz

EC , MPa Quasi-three-dimensional Three-dimensional solid

10,000 2,193.3 2,140.0
3,000 1,853.8 1,798.2
1,000 1,471.2 1,420.7
301 1,002.1 970.8
151 773.1 753.0
66 562.7 552.5
30 420.9 416.5
10 292.2 291.7

Table 10 First in-plane mode of bottom face sheet clamped
at two opposite edges

Frequency, Hz

EC , MPa Quasi-three-dimensional Three-dimensional solid

10,000 3,230.5 3,224.4
7,000 3,046.3 3,043.6
5,000 2,907.8 2,907.2
3,000 2,746.3 2,747.3
1,000 2,528.1 2,529.8
301 2,366.6 2,369.3
151 2,368.4 2,391.0
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In� uence of Core Stiffness
A key parameter studied using the current code is the variationof

the core transverse stiffness. When the core transverse stiffness is
high, as in a metallic honeycomb material, the sandwich structure
can be analyzed using classical sandwich theories, and accurate
resultswill be obtained.However,when the core transversestiffness
is low in comparisonwith the face sheets the same conclusionis not
valid. With low core stiffness the face-sheet displacement � eld is
affected,which results in a nonlineardisplacement� eld in the core;
the entire sandwich-plate thickness changes, and the core cross-
sectional plane is distorted. Therefore, vibration modes consisting
of a relative transverse displacement between the two face sheets
can occur.

The results of Tables 2–7 are presented graphically in Figs. 4–9.
The exact shape of the vibrationmodes dependon the core stiffness.
However, for visualizationpurposes Figs. 4–9 show typical shapes
of the corresponding vibration modes. It can be seen that there is
excellent agreement between the present quasi-three-dimensional
model results in comparison to the three-dimensional Nastran re-
sults. The models relating to classical sandwich analysis and classi-
cal plate theory have however much greater discrepanciesfor � exi-
ble cores.For bendingmodes in the y directionor the torsionmodes,
discrepanciesare high when core transversestiffnesshas values un-
der 5% of the face-sheet values.

Fig. 4 First bending mode for both face sheets clamped at one edge.

Fig. 5 First torsion mode for both face sheets clamped at one edge.

Fig. 6 First in-plane mode for both face sheets clamped at one edge.

Fig. 7 First bendingmodefor both face sheets clamped at two opposite
edges.

Fig. 8 First torsion mode for both face sheets clamped at two opposite
edges.
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Fig. 9 First in-planemodefor both face sheets clamped at two opposite
edges.

Fig. 10 First bending mode of bottom face sheet clamped at two op-
posite edges.

The present formulation yields excellent results compared to the
three-dimensionalNastran results for a full range of core stiffness
properties ranging from rigid to � exible; such a range includes
metallic and nonmetallic honeycomb as well as plastic PVC foam
materials.The currentlydevelopedformulationhas a great accuracy
advantagecomparedto classicalplate theorieswhen largevariations
of stiffness between the core and face sheets are present. Further-
more, for thin face sheets the current approach has an enormous
computational advantage compared to three-dimensional calcula-
tions. Thus the current approach appears to represent a powerful
computationaltool for sandwich structures in which the core is very
� exible compared to the face sheets.

In� uence of Boundary Conditions
The accurate representation of boundary conditions can repre-

sent a dif� culty problem for classical sandwich analysis or clas-
sical plate theory. In particular, boundary conditions that are not
imposed symmetricallyon both face sheets cannot be modeled.The
quasi-three-dimensional formulation does not suffer from this dif� -
culty.Tables8–10 present results that show the in� uenceof different
boundaryconditionsfor the face sheetsand core.Classicalsandwich
analysis and classicalplate theory cannot represent such a situation,
and therefore no results were obtained. These results are also rep-
resented graphically in Figs. 10–12, where the comparison is made

Fig. 11 First torsion mode of bottom face sheet clamped at two oppo-
site borders.

Fig. 12 First in-plane mode of bottom face sheet clamped for two op-
posite borders.

Fig. 13 Comparisonfor two different boundaryconditions: � rst bend-
ing mode.
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Fig. 14 Comparison for two different boundary conditions: � rst tor-
sion mode.

Fig. 15 Comparison for two different boundary conditions: � rst in-
plane mode.

between the quasi-three-dimensional model and three-dimensional
Nastran results.

The boundary condition study is continued in Figs. 13–15. A
comparison for plates with two opposite edges clamped is made. In
these results natural frequencies are obtained for the bottom face
sheet clamped and for the both face sheets clamped. The � rst bend-
ing modecomparisonshows the great changesresultingfor different
boundary conditions. The current quasi-three-dimensional formu-
lation is again shown to yield accurate solutions compared to the
full three-dimensionalcalculations.

Conclusions
Oskooei and Hansen11 showed that the three-layer quasi-three-

dimensional model provided an accurate and robust tool for the
static analysis of the sandwich plates. In the current work excellent

results are obtained for the natural frequencies and free-vibration
modes compared to three-dimensional Nastran calculations. The
current approach yields excellent results even for sandwich plates
with large differences between the core and face-sheet transverse
stiffness, and this accuracy is not in� uenced by the plate boundary
conditions.

Finally, the through-thicknessplate geometry does not affect the
number of degrees of freedom of a quasi-three-dimensional model;
however, if the face sheets are thin a three-dimensionalsolid model
requiresan excessivenumberof through-thicknesselementsto over-
come numerical dif� culties resulting from poor element aspect ra-
tio. Therefore, when thin face sheets are modeled in a sandwich
structure the current quasi-three-dimensional model can have some
distinct computational advantages in comparison to a usual three-
dimensional� nite elementmodel.The currentcalculationsillustrate
that the present model obtains accurate solutions even with a small
number of elements.
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